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Tensor and its transformation by rotation of coordinate system

Vector: 0 0 0 0,x y z i i
i

a a a a= + + =åa x y z x

2‐nd rank tensor: 0 0.
ij i j

i j

T=ååT x x Dyadic product of two vectors: 0 0
i j i j

i j

a b=ååab x x

in „matrix“ representation
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In matrixrepresentation
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.

xx xy xz
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T

3‐nd rank tensor: 0 0 0
ijk i j k

i j k

r=ååår x x x 4‐th rank tensor: 0 0 0 0
ijkl i j k l

i j k l

c=ååååc x x x x

Scalar products of tensors: 0 0 0 0 0 0

0 0 0,

ij i j k k ij i j k k
i j k i j k

ij i jk k ij j i i i
i j k i j i

T a T a

T a T a bd
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Tensor and its transformation by rotation of coordinate system ‐ II

( )0 0 0 0:
ij kl i j k l

i j k l

ij kl il jk ij ji
i j k l i j

T S

T S T Sd d

é ù= ⋅ ⋅ê úë û

= =

åååå

åååå åå

T S x x x xDouble scalar product:

Rotation of coordinates: original set

( )0 0 cos ,ij i j i jx xa ¢ ¢= ⋅ =x x

0 0 0
1 2 3, , ,x x x Rotated: 0 0 0

1 2 3, , .¢ ¢ ¢x x x

Matrix of directional cosines:

Backward transformation: ( ) ( )0 0 cos , cos , ,ji j i j i i j ijx x x xb a¢ ¢ ¢= ⋅ = = =x x 1 T- =a a

Transformation of a vector: 0 0 0 ;i i j j ij j i i ij j
i j j i j

a a a a aa a¢ ¢ ¢¢= = = =å å åå åa x x x

Apparently ( )0 0 0 0 0 0 0 0,i i j j ij j j ji i ij i
j j i i

a b a¢ ¢ ¢ ¢= ⋅ = = =å å å åx x x x x x x x

Analogously, , ,ij ik jl kl ijk il jm kn lmn
k l l m n

T T r ra a a a a¢ ¢= =åå ååå

ijkl im jn kp lq mnpq
m n p q

c ca a a a¢ = åååå etc.

Summation symbol is often omitted; if so, summation over repeated subscript(s) is supposed
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Fundamentals of crystallo‐optics

Optical wave propagation in an anisotropic medium

Harmonic time‐dependent field in the medium without sources:

{ } { }1
2

( , ) Re ( ) ( ) . . ,i t i tt e e c cw w- -= = +r E r E rE { } { }1
2

( , ) Re ( ) ( ) . .i t i tt e e c cw w- -= = +r H r H rH

0, 0r= =J

Propagation is subject to Maxwell equations

0 0

, ,

, .

i iw w
e m

´ = ´ =-
= ⋅ =

E B H D
D E B H

The divergence equations are the direct consequence: 0 0, .⋅ = ⋅ =B D

Anisotropy is determined by the relation between E a D: 0 0

xx xy xz

yx yy yz

zx zy zz

e e e
e e e e e

e e e

æ ö÷ç ÷ç ÷ç ÷= ⋅ = ⋅ç ÷ç ÷ç ÷ç ÷÷çè ø

D E E

From general thermodynamics laws it follows that the relative permittivity tensor e
in a lossless medium is hermitean, we will mostly consider real and symmetric e.*;T =e e
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Real symmetric tensor  can be diagonalized by suitable rotation of a coordinate system;
in the new coordinate system the relative permittivity tensor  is diagonal

2
11

2
2 2

2
3 3

0 00 0
0 0 0 0
0 0 0 0

.

n

n

n

e
e

e

æ öæ ö ÷ç÷ç ÷÷ çç ÷÷ çç ÷÷ ç= =ç ÷÷ çç ÷÷ ç ÷ç ÷ ç ÷ç ÷÷ç ÷çè ø è ø


From general properties of symmetric matrices it follows 
that its three eigenvectors (permittivity axes) are
mutually orthogonal and the eigenvalues are real.

Classification of anisotropic media:

1 2 3,xx yy zz n n ne e e¹ ¹ ¹ ¹ optically biaxialmedium (the most general; crystals)

1 2 3,xx yy zz n n ne e e= ¹ = ¹ optically uniaxialmedium (crystals, polymers, ...)

1 2 3,xx yy zz n n ne e e= = = = isotropicmedium (gases, most solids and liquids)

Optical plane wave propagation in an anisotropic medium
0 0

0 0 0 0, ,ik iki ie e e e⋅ ⋅⋅ ⋅= = = =l r l rk r k rE E E H H H 0
0

0

2 , ,k n
k
kl l lp

l
= = =

0 0;    .w
= = =f

c nk l l
k l

v dimensionless   and phase velocity:l normalized wave vector
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Relations among field vectors

Analogously with the symbolics i
t

w
¶

 -
¶ 0ik  l

Then 0 0 0 0 0 0 0 0 0 0, , .ik i ik iwm w e´ = ´ = - = ⋅l E H l H D D Ee

From this 0 00
0 0 0 0 0

0 0

,k YH l E l E l E
m e

wm m
= ´ = ´ = ´ 10 0

0 0 0
0 0

, .Y Z Ye m
m e

-= = =

( ) ( )1 10 0
0 0 0 0 0 0 0

0

1 , .
w we

- -=- ´ =- ´ =- ⋅ ´ =- ⋅ ´e e
k k Z

c
D l H l H E l H l H

Conclusions: 1. The vector triad D0, H0, l forms right‐handed orthogonal set of vectors;

2. The vectors E0 and H0 are mutually orthogonal;

3. The vectors D0 and E0 are not generally mutually parallel;

4. The vectors E0, D0, H0 are all in‐phase;

5. The direction of the Poynting vector is not parallel with the wave vector:

0for plane waves   it holdsike ⋅l r

{ } ( ) ( ) ( )0 0 0 0 0 0 0 0 0 0 0 0
1 1 1 1
2 2 2 2

*Re .Y Y é ù= ´ = ´ = ´ ´ = ⋅ - ⋅ë ûS E H E H E l E l E E E l E

.n=l parallel not parallel
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„Dispersion“ (Fresnel) equation for anisotropic media:

( )0 0 0 0 0 0 0 0 0 or( ) , .ik ik Y iwe´ = ´ ´ = - ⋅ ´ ´ + ⋅ =l H l l E E l l E E 0 

This can be rewritten into the form

( ) ( )0 0 0 or,⋅ + ⋅ - ⋅ =E l l E l l E 0

where
x x x y x z

y x y y y z

z x z y z z

a b a b a b

a b a b a b

a b a b a b

æ ö÷ç ÷ç ÷ç ÷ç ÷= ç ÷ç ÷ç ÷÷ç ÷çè ø

a b is the dyadic product of vectors a, b.

( )2
0 ,+ - ⋅ =l l l I E 0

The explicit form
of the Fresnel equation is

2 2
0

2 2
0

2 2 0

0

0

0

.

xx y z xy x y xz x z x

xy x y yy x z yz y z y

zxz x z yz y z zz x y

l l l l l l E

l l l l l l E

El l l l l l

e e e

e e e

e e e

æ ö æ ö æ ö- - + + ÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ç ÷ ÷÷ ç çç ÷ ÷÷ ç ç÷ ÷ç + - - + ⋅ =÷ ç ç÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç+ + - - ÷ è ø è øçè ø

A non‐trivial solution E0 requires that the determinant of the system of equations is zero: 

( ) 02+( , ) det .wF = - =l ll l I
In the permittivity axes (in which the permittivity is diagonal) it sounds

( )( )( )
( ) ( ) ( )

2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2 2 2 2

2

0

( , )

.
xx y z yy x z zz x y x y z

x z yy x z y z xx y z x y zz x y

l l l l l l l l l

l l l l l l l l l l l l

w e e e

e e e

F = - - - - - - +

- - - - - - - - - =

l
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is thus a polynomial of the 4‐th degree in all variables lx, ly, lz , symmetric with respect

to inversion. For any pair lx, ly , the solution gives 2 values of lz1,2 and 2 values of lz3,4 = – lz1,2.

The surface ( , ) 0lwF = is thus of the 4‐th degree. It is called a wave vector surface, 

We will show that the direction of power flow is orthogonal to the wave vector surface.

The direction of power flow is given by the group velocity
0 0

1 1
 etc.,g gx

x

v
k k l

w
w

æ ö¶ ÷ç=  = ÷ç ÷ç ÷ç ¶è ølv

Since
1 1

0     , , ,d d d dw w w
w w w

- -æ ö æ ö¶F ¶F ¶F÷ ÷ç ç÷ ÷+ F⋅ = = -  F⋅  = -  Fç ç÷ ÷ç ç÷ ÷ç ç¶ ¶ ¶è ø è øl l l ll l and thus
1

0

1
.g k w

-æ ö¶F÷ç ÷= -  Fç ÷ç ÷ç¶è ø lv The direction of power flow is thus parallel to the normal to
the wave vector surface. 

( , )wF l

( ) ( ) ( )4 4 4 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

( , )

( ) ( ) ( ) .
xx x yy y zz z xx x y z yy y x z zz z x y

xx yy x y xx zz x z yy zz y z xx yy zz

l l l l l l l l l l l l

l l l l l l

w e e e e e e

e e e e e e e e e

F = + + + + + + + +

- + - + - + +

l

After some manipulations we get

1sometimes also a    the phase velocity is proportional to ( ).lslowness surface

{ }1
2

Since the power flow is given by the Poynting vector 

both   and   are tangent to the surface, and   is also perpendicular to  .

*Re ,= ´S E H

E H H l
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Alternative approach to anisotropic medium:
index‐elipsoid

Let us introduce a projector in the wave vector space 
into the plane perpendicular to l:

0 0   where   is a unit matrix.,= -P I l l I

Since D0 is perpendicular to l, the projection does not change D0 :

0 0
0 0 0( ) .P D I l l D D⋅ = - ⋅ =

Then equation ( )0 0´ ´ + ⋅ =l l E E 0 can be rewritten as

2 0 0 1
0 0

0 0

1 1
 or,n

e e
-

æ ö÷ç´ ´ ⋅ + =÷ç ÷ç ÷çè ø
l l D D 0

1
02

1
.

n
-é ù

ê ú⋅ ⋅ - ⋅ =
ê úë û
P P I D 0

( )0 0 1
02

1
,

n
-é ù

ê ú- ⋅ - ⋅ =
ê úë û

I l l I D 0

1-⋅ ⋅P P is, in fact, a 2D tensor in the plane perpendicular to l, and the red‐framed
equation is the equation of an ellipse in the plane of the components of D0.
Hence the construction of the index‐ellipsoid and the orientation of D0.

Explicitly, in components,

0 2 0 0 0 0

0 0 0 2 0 0

0 0 0 0 0 2

1

1

1

( )

( )

( )

x x y x z

y x y y z

z x z y z

l l l l l

l l l l l

l l l l l

æ ö- - - ÷ç ÷ç ÷ç ÷ç ÷= - - -ç ÷ç ÷ç ÷÷ç ÷ç - - - ÷çè ø

P

0 1
0 0

0

1
 ( , )n

e
-= = ⋅l l E D

0l

1
02

1
,

n
-é ù

ê ú⋅ - ⋅ ⋅ =
ê úë û
P I P D 0

22 2
1 1 1  , yx z

xx yy zz

ll l

e e e
-⋅ ⋅ = + + =l le
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The general dispersion equation

can be specified for the following specific cases:

( ) ( ) ( )4 4 4 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 0
( , )

( ) ( ) ( )
xx x yy y zz z xx x y z yy y x z zz z x y

xx yy x y xx zz x z yy zz y z xx yy zz

l l l l l l l l l l l l

l l l l l l

w e e e e e e

e e e e e e e e e

F = + + + + + + + + -

- + - + - + + =

l

In an isotropic medium it is reduced to the equation of a doubly degenerate sphere:

( ) ( )22 2 2, 0.xx xx x y zl l lw e eF = - - - =l

0
0.5

1
1.5

2 0 0.5 1 1.5 2

0  

0.5

1  

1.5

2  

lylx

l z

x

y
E

0n
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A uniaxial medium: ( ) ( )2 2 2 2 2 2( , ) 0.xx x y z xx zz xx x y zz zl l l l l lw e e e e eé ùF = - - - - + - =ê úë û
l

Equation of a sphere (ordinary wave): 2 2 2 0,xx x y zl l le - - - =

Ellipsoid of rotation (extraordinary wave):
2 2 2

2 2 1x y z

e o

l l l
n n


 or
2 2 2

1,x y z

zz xx

l l l
e e

+
+ =

In the x‐z plane it holds
2 2 2 2

,
sin cos

x z

x z

n nn l
n nq q

= = =
+

l

q is a polar angle between the optic axis and l.

0 0.5 1 1.5 2 2.5 3 0

1

2

3

0

0.5

1

1.5

2

2.5

3

ly
lx

l z

optic axis

x

z

y
E

on
en
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( ) ( ) ( )4 4 4 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

( , )

( ) ( ) ( )

xx x yy y zz z xx x y z yy y x z zz z x y

xx yy x y xx zz x z yy zz y z xx yy zz

l l l l l l l l l l l l

l l l l l l

w e e e e e e

e e e e e e e e e

F = + + + + + + + +

- + - + - + +

l

Biaxial medium

Wave vector surface
of a biaxial medium 
with refractive indices
nx = 1, ny = 2, nz = 3

0
1

2
3 0

1
2

3

0  

0.5

1  

1.5

2  

ly
lx

l z
optic axis

(cannot be simplified)
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The cuts of the wave vector surface of a biaxial medium by the 
planes lx= 0, ly = 0, lz = 0 can be expressed by the following forms:

( )
( )
( )

2 2 2 2

2 2 2 2

2 2 2 2

0 : 0,

0 : 0,

0 : 0,

x xx y z yy zz yy y zz z

y yy x z xx zz xx x zz z

z zz x y xx yy xx x yy y

l l l l l

l l l l l

l l l l l

e e e e e

e e e e e

e e e e e

é ù= - - - - =ê úë û
é ù= - - - - =ê úë û
é ù= - - - - =ê úë û

which is always the product
of the equation
of a circle and an ellipse.

< <For    we get  the following diagrams:x y zn n n

y

z
yn

xn
zn

x

y

zn

xn
yn

x

z

xn

yn

zn

optic axisoptic axis
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An example: incidence of a plane wave from an isotropic medium
on a uniaxial medium

(A simple case – optic axis in the plane of incidence)

isotropic
medium

uniaxial
medium

optic axis

on

en

n

ol

el

l
il

rl

(p,TM polarization)

(s,TE polarization)

Generalized Fresnel coefficients
of reflection and transmission
can be derived from
the continuity conditions
of tangential E and H field 
components
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Chiral (optically active) medium
Optical activity = rotation of a plane of polarization of a linearly polarized wave
while propagating in a medium.
Chiral medium has no translation symmetry.
Constitutional (material) relations for chiral media can be defined in several ways. 
For plane waves they all reduce to

0
0 0

10
0 0

Yi
c

Zi
c

e e
w

m m
w

-

= ⋅ - ⋅ = ⋅ - ⋅ ´

= + ⋅ = - ⋅ ⋅ ´

D E g H E g E

B H g E H g H

 



Plane wave propagation in a chiral medium

Plane wave is described by 0 0 0 0 0
2   , , .

i i
e e k

c
w p

w m e
l

⋅ ⋅= = = = = =k r k rE E H H k l l l l

Substitution into Maxwell equations gives

0 0 0

0 0 0

,

;

i i

i i

i e ik e

i e ik e

⋅ ⋅

⋅ ⋅

´ = ´ = ´

´ = ´ = ´

k r k r

k r k r

E k E l E

H k H l H

0
0 0 0

0

0
0 0 0

0

,

.

i

i

m
e
e

e
m

´ = + ⋅

- ´ = - ⋅

l E H g E

l H E g H

is a dimensionless symmetric
2‐nd rank tensor, called chiral tensor

g

sign of a nonlocality

The application of   results in´

Constitutional (material) relations for chiral media can be defined in several ways. 
For plane waves they all reduce to

sign of a nonlocality
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We get from the first equation ( )0
0 0 0

0
.i

e
m

= ´ - ⋅H l E g E

Introducing this into the second equation we get

( )0 0 0 0 0( )i i i- ´ ´ - ⋅ = ⋅ - ⋅ ´ - ⋅l l E g E E g l E g Ee

We will again try to cast this equation into a set of three linear equations for E0:

( )2[ i- + ´ + ´ - + ⋅l I l l l g g l g g 0] ,⋅ =E 0
3

0 0

1
3

0 0

1

,

,

( ) ,

( ) .

m n mn
m n

m n mn
m n

g

g

=

=

´ = ´

´ = ´

å

å

l g l x x

g l x x l

In the coordinate system in which e is diagonal, the equation has the form
( ) ( )

( ) ( )
( ) ( )

2 2

2 2
y z xx x y xx yy z zx x zy y x z xx zz y yx x yz z

x y xx yy z zx x zy y x z yy y z yy zz x xy y xz z

x z xx zz y yx x yz z y z yy zz x

l l l l i g g l g l g l l l i g g l g l g l

l l i g g l g l g l l l l l i g g l g l g l

l l i g g l g l g l l l i g g l g

e

e

é ù é ù+ - - + + - - - - + - -ë û ë û
é ù é ù- - + - - + - - - + - -ë û ë û
é ù- + + - - - + + -ë û

0

0
2 2

0

.
x

y

zxy y xz z x y zz

E

E

El g l l l e

é ù é ùê ú ê úê ú ê ú⋅ =ê ú ê úê ú ê úé ù- + -ê ú ê úë ûë ûë û

0

This is the Fresnel dispersion formula for a plane wave in a chiral medium.

0det .é ù =ë û … surface of the 4‐th degree in the                   space.( ), ,x y zl l l

1Since   for all known chiral media  we can neglect , .jkg ⋅g g
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Isotropic chiral medium

, ;g e= =g I Ie Let us choose 0 0
3.z zl l= =l z x

Then the dispersion formula is reduced into

2

2

2 0
2 0

0 0
.

z z x

z z y

z

l i gl E

i gl l E

E

e

e
e

æ ö æ ö- - ÷ç ÷ç÷ç ÷ç÷ ÷ç ç÷ ÷ç - ⋅ =ç÷ ÷ç ÷ ç ÷ç ÷ ç ÷ç ÷ ç ÷- ÷ç÷ç è øè ø

0

The last equation has the solution 0.zE =

The nontrivial solution of the first two
requires that 

( )22 2 24 0,z zl g le- - =

Since

2 ,zl g g g n ge e=  +  »   =  

,g e

we immediately get 

and for the field amplitudes we obtain

2
2 .y z

x z

E gl
i i

E l e
» = 

-

The “eigenwaves” of the isotropic chiral medium 
are thus circularly polarized waves which propagate
with the refractive index of  .n g

Since all directions in an isotropic medium are equivalent, we can choose z in any direction.
The wave vector surface consists of two concentric spheres with the radii .n g
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Rotation of the plane of polarization in an isotropic chiral medium

At z = 0 it can be decomposed into two circularly polarized waves

0 0
0 0

1 1
2 2

,ik l z ik l ze e
+ -+ -= +E E E where 0 0

0 0   ( ), .E i l n g =  = E x y

Then ( )
( )

0 0 0

0 0 0

2
0 0 0

2
0 0 0

1
2 2

2 2

( ) /

( ) /

( ) cos ,

( ) sin .

ik l z ik l z ik l l z
x

ik l z ik l z ik l l z
y

l
E z E e e E e k z

i l
E z E e e E e k z

+ - + -

+ - + -

+

+

D
= + =

D
= - = -

Propagating by the distance L results in the polarization rotation by 0 02
.

l
k L k g Lj

D
= =

The chiral parameter g can be determined from the specific rotation power
0

1
.g

k L
j

=

material j/L g
a-quartz SiO2 22°/mm 3.85×10–5 

paratelurite TeO2 87°/mm 1.52 ×10–4

Bi12GeO20 20°/mm 3.5 ×10–5

0 0
00 0Let the electric field intensity at   is linearly polarized along  :    ( ) .z z E= = =x E x

2 2
l l l

g
+ -D -

= =

,
L
j

632 8Specific rotation power and the chiral parameter of some materials at   nm.l =

1Note that  , indeed.g 
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x

y

z

The influence of chirality on the shape of wave vector surfaces

a) Isotropic medium b) (Linearly) uniaxial
medium

c) (Linearly) biaxial
medium

optic axis optic axis

ny

In the presence of the (linear) birefringence – uniaxial or biaxial –
the chirality is manifested only “in the vicinity” of optical axes (a few degree angular offset)
otherwise it is overwhelmed by the (linear) birefringence.  
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Fundamentals of propagation

of acoustic waves

in elastic media
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Propagation of acoustic waves in elastic media

(B.A.Auld: Acoustic fields and waves in solids I, II, J. Wiley 1973)

0r

x

r

0

“Deformation” of a solid body: ( ) ( )0 0 0, ,t t= +r r r rx

( )0,trx (elastic) deviation of the point 0 in time tr

The distance between two closely spaced points 0 is changeddr

under deformation to ( ) ( ) ( )0 0 0 0 0 0 0 0, , , ,d d t t d d t+ + + - - = +r r r r r r r rx x x

( ) ( )0 0 0
0 0 0

, ,

, , ,

np

m
n m n p p

n m n pn n

d t dx dx t d
x x

d

x¶¶
= ⋅ =  ⋅

¶ ¶å år x x x r r


xx = xwhere

0 0

,

m
m n

m n nx

x¶


¶å x x is the gradient of the deviation vector (dyadic).

0 00If   the size of   is not changed.,d d d⋅ =r rx Then there is no deformation but only rotation:

0 0 0
1 0
2, ,

m m n
m n m n

m n m nn n m

d d d d dx dx dx dx
x x x

x x xæ ö¶ ¶ ¶ ÷ç⋅ = . ⋅ = = + =÷ç ÷ç ÷¶ ¶ ¶è ø
å år r rx x

The tensor of deformation is thus defined as a symmetric part of the tensor
of the gradient of deviation:

( )( )1 1
2 2

;
T m n

mn nm
n m

S S
dx dx

x xæ ö¶ ¶ ÷ç=   = = + ÷ç ÷ç ÷è ø
S x + x

and
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Force in solids

dA
dF

Force acting on a surface element dA is dF: d d= ⋅F T A

Force acting on a volume element dV:

0 ;jk
j

kjdA dV

T
d d dV dV

x

¶
= ⋅ = ⋅ =

¶åòò òF T A T x

Since no volume element of solid in a steady state is rotating, the force
momentum must be zero; as a result, the strain tensor is symmetric, jk kjT T=

jklm kjml jkmlc c c= =

Symmetry allows to introduce the shortened
(Voigt) notation of tensor components:

  
2  

1 2 6

, ,
,

, , ,

jj

jklm jk
jk

S
c c T T S

S j kab a a

a

ìïï= = = íï ¹ïî= 

0
jx

0
k kj jT A-x

0
kx

0
j jk kT Ax

Power density due to elastic deformation is 

,jk jk jklm jk lm jklm jk lm
jk jklm jklm

dU d T dS c dS S c S dS= = = =å å åT : S jklm lmjkc c=thus

   strain tensor...T

( )For small  elastic  deformations, there is a linear dependence between   and  :T S

Generalized „Hook’s law“: jk jklm lm
lm

T c S=å
From symmetries of   and   it followsT S
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Dynamics of (continuous) elastic media: acoustic waves

The “Newton’s force equation”
2

2
d

m
dt

= ⋅
r

F for the volume element:

2

2
,

V A V

dV d dV
t

r
¶

= ⋅ = ⋅
¶ ò òò òT A Tx or

2

2 .j jk

k k

T

t x

x
r
¶ ¶

=
¶ ¶å

2 2

2
j m

jklm
klm k l

c
x xt

x x
r
¶ ¶

=
¶ ¶¶

å 

Substituting for

Acoustic plane wave: ( )
0 ,i te ⋅ -WK rx = x 0 2

, .
a

K
v

pW
= =

L
K n The wave equation is then 

2
0 0jklm k l a jm m

m kl

c n n vr d x
æ ö÷ç ÷- =ç ÷ç ÷çè ø

å å

T

and considering the symmetry of  :S wave equation for x.

0system of 3 linear equations for 3 components of  x .

2
0Also: equation for eigenvalues   and eigenvectors   of a real symmetric matrixavr x

2

0

with elements   there are 3 positive eigenvalues 

and three real mutually orthogonal eigenvectors   which define
the direction of vibration ("acoustic polarization") of the waves.

;jklm k l aj
kl

j

c n n vrå
x

Since all components of  are real, the waves are linearly polarized.x 



ŪFE 24

Some properties of acoustic waves

2.      is an acoustic Poynting vector (density of power flow, [W/m ]).
t

¶
= - ⋅

¶
TP P

x

0

Group velocity   is parallel to   and it satisfies a very interesting relation 

(!!!)
g

g a g av v⋅ =  ³

v

v n v

P

( )
11 22 33 12 13 23

44 55 66 11 12
1
2

In an isotropic medium it holds     , ,

.

c c c c c c

c c c c c

= = = =

= = = -

2
44 1

2
44 2

2
311

0 0 0

0 0 0

00 0

a

a

a

c v

c v

c v

r x

r x

xr

æ ö æ ö æ ö- ÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ ÷ ÷ç ÷ ç ç÷ ÷- ⋅ =ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ ÷- ç ç÷ç ÷ è ø è øçè ø

11 44,a a a

c c
v v v

r r^= = < 

( )
0 0 0Then   and  from the wave equation we get , .ai t

jklm k l jm m
m kl

e c l l r d xW ⋅ - æ ö÷ç - =÷ç ÷ç ÷çè ø
å ål rx

0det jklm k l jm
kl

c l l r d
éæ öù÷çê ú- =÷ç ÷çê ú÷çè øë û
å is the acoustic wave vector surface (of the 6‐th degree!)

It is possible to derive the following relation from energetic bilance of an acoustic wave:

0 0Let's choose   for simplicity. We get=n z

We introduce the normalized acoustic wave vector  := Wl K
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Cuts of acoustic wave vector surfaces of some crystals

3BaTiO

2TiO

2 2Hg Cl  (calomel)

2TeO  (paratellurite)

The outer shells
correspond to 
shear (transverse)
acoustic waves
that are in these 
crystal cuts
degenerate.

The inner shell
corresponds to
longitudinal acoustic
waves that are faster.  
It is obvious that 
the acoustic anisotropy
may be considerably larger
than optical anisotropy
of most materials
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Theoretical background of acousto‐optic interaction

.ijkl jikl ijlk jilkp p p p= = =

( ) ( ){ } ( ) ( )
0 0 0

1
2 2

 , Re ; ( ) ,i t i tT i
t e e⋅ -W ⋅ -Wé ù= =  +  = +ê úë û

K r K rr S K Kx x x x x x

( ) ( )

( ) ( )

0 0

0 0

( , ) : . .
2

: ( ) sin sin .
2

e e e

e e e

⋅ -Wì üï ïé ùï ïD =- ⋅ + + ⋅ =í ýê úï ïë ûï ïî þ
W

= ⋅ + ⋅ ⋅ -W =D ⋅ -W

i tit p e c c

p t t

K rr K K

l l K r K r

x x

x x

Modulation of permitivity due to an acoustic wave has thus the form of a running plane wave.

1

Elastic deformation   modifies the optical properties of the material; historically, this effect

is expressed via the impermittivity tensor   :-=

S

h e

Since both   and   are symmetric tensors of the 2‐nd rank,   must be of rank 4,
symmetric with respect to the exchange of the first and second pair of subscripts:

S pe

A plane acoustic wave propagating in a medium has a vector of acoustic deviation           :( , )trx


0

 where   is a tensor of photoelastic constants (photoelastic tensor).

For small deviations, 

: ,

( ) ( )

D =

+ D ⋅ + D = ⋅ + ⋅ D + D ⋅ + D ⋅ D
I

p S p



h

h h e e h e h e h e h e

thus  

;

:

=

D = - ⋅ D ⋅ = - ⋅ ⋅

I

p Se e h e e e
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Diffraction of optical plane wave by running acoustic wave in isotropic medium

0( , , ) ( , , , ) ( , , ) .
t

d ix z L t x x t t x z t dx dt
¥

-¥-¥

¢ ¢ ¢ ¢ ¢ ¢= = ⋅ =ò òE F E

For weak intensities, the diffraction is a linear process.
The transition of a wave through an acoustic column 
can be described by a generalized transfer function :

( )( , , , ) ( , ) .xiq K x t
q

q

x x t t x x t t e
¥

-W

=-¥

¢ ¢ ¢ ¢= - -åF F

00For the incident wave  the transmitted wave has the form( )( , , ) ,ix ii k x t
i x z t e w¢ ¢-¢ ¢= =E E

( ) ( )

( ) ( )

0
0

( )( , , ) ( , )

;

ix x iix i

ix x i

i k qK x q ti k
d q

q

i k qK x q t
q

q

x z L t e d d e

e

wx w t

w

x t t x
¥ ¥

é ù+ - + W- - ë û

-¥

¥
é ù+ - + Wë û

=-¥

= = ⋅

=

åò ò

å

E F E

E

F

2 2
Since the acoustic wave is periodic both in space and time
with   periods   and 
respectively,   can be expanded in a Fourier series as follows:

,av Tp pL = W = W
F

corelated



0( , , )i x t¢ ¢E ( , , )d x L tE

0z = z L=

av

x ¢ x

The output consists of a superposition of plane waves with  ‐components of wave vectors
 and frequencies , ,d qx i x x q i

x

k k qK qw w= + = + W- diffraction orders.
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In the previous slides we considered only the effect of an acoustic wave on the optical wave. 
However, a more rigorous analysis should take into account also the inverse effect. 

Elasto‐optic and photo‐striction effects 

The total change of internal energy of a unit volume of a medium under contemporary
action of both electric field and elastic deformation is : .dU d d= ⋅ +E D T S

( )0 0 0
 

Obviously,  : .

elasto optic contribution

e e e e e e e e
-

= + D ⋅ = ⋅ - ⋅ ⋅ ⋅D E E p S E

Let us introduce a new thermodynamic potential  .V U= - ⋅E D
Then    The independent variables of   are thus   and : . .dV d d V= - ⋅ +D E T S E S

0The equality of mixed derivatives gives 

here, the Einstein summation rules over   and   apply. Integrating the last equation
we obtain the contribution of 

;

,

j lm
jr ks rslm k

j lm lm j

D TV
p E

E S S E
j k s

e e e
¶ ¶¶

= - = =
¶ ¶ ¶ ¶

E to  so that,T

01 2

 (
)

( ) .rs rslm lm jl km lmrs j k

elastic photostriction
deformation stimulated Brillouin

effect

T c S p E Ee e e= + 

10 11 2 6 62 0 2 10 10 10 10 1

For typical values encountered in technical acousto‐optics, 

     N.m      V.m
the second term is typically by 5 orders of magnitude smaller and can thus be neglected.

, . , , , ,p c S Ee - - -» » » ¸ » »
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Wave vector diagram for the diffraction by an acoustic wave in an isotropic medium

( ) ( )2 22 2 2
0

0

,

,

,
,

,

,

( ) .

d qx ix x

d qz q ix x ix x

d q
q d q

k k qK

k k k qK k n k qK

k n k n
c

w
w

= +

= - + » - +

= »

0 0
0

the refractive index of the medium

sin sin sin .x
q

K
q q
k n n

n

l
q q q» + = +

L


Wave vectors of diffracted waves:

Output angles of diffracted waves (grating equation):

Frequency shift of diffracted orders:

,d q i iqw w w= + W »

0,i d=k k
xK

1,dk
xK

xK

xK
2,dk

3,dk

1,d -k

0iq q=

i
q i

q
k n k

c

w + W
= »

2q

x

z

15 1

8 8 1

2 2 10 1

2 2 10 6 10
100

Typically, 

 s     µm

   s
 MHz

( )

( )

i

a i

a

c

f

f

p
w l

l
p p w

-

-

= » ´ »

W = » ´ ´

»

 
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Efficiency of acousto‐optic interaction: the coupled‐wave approach
Wave equation for the electric field intensity

2

2 2

1
( , ) ( , ) ;t t

c t
e

¶ é ù ⋅ - D = - ⋅ë û¶
E E r E r

0 2Let us choose for simplicity   Then ( , ) ( , , ). ( )t E x z t n E= ⋅ =E r y Ee

{ }
2 2 2

2
2 2 2 2

1 0      does not depend on ( , , ) ( , , ) ( , ) ( , , ) ( ).E x z t E x z t n x t E x z t n z
x z c t

¶ ¶ ¶ é ù+ - =ê úë û¶ ¶ ¶

Assumptions of the coupled‐wave theory:

( ) ( ) ( )22 2
0  ,

,( , , ) ( ) , .ix q z ii k qK x k z q t
q q z ix

q

E x z t E z e k k n k qKw
¥

é ù+ + - + Wë û

=-¥

» » - +å

 is a   complex amplitude,( )qE z slowly varying

( ) ( )2
1( , ) sin sin .n x t n Kx t n n Kx te= + D -W » + -W

2
2

02
   

( ) ( )
( ) , , .q q
q

E z E z
k E z k k k n

zz

¶ ¶
=

¶¶


( )2 2 3
1 1 0

12
2 2

 ( , ) sin , ,n x t n nn Kx t n n pS n
n
eD

» + -W » = - 



ŪFE 31

We insert the expansion of E into diffraction orders in the wave equation and make use
of these parameters. Then we neglect all higher‐order terms in n1 and compare terms
with identical exponents. As a result we get the following set of first‐order equations:

( )1 1 2 0 1 2
2 2

( )
( ) ( ) ( ) ( ), , , ,q

q q q

E z iqQ
E z E z q E z q

z L L
j

a+ -

¶ D
= - + - =  

¶


0 1
2

2
, , sin sin .

cos cos
ix

i i
i i

k n L kL k n
Q

K Kn

pl
j a q q

q lq

L
D = = = - = - = -

L

In a matrix form it sounds

2

1

0

1

2

2 2 0
2 2

2 1 0
2 2 2
0 2 0

2 2 2
0 2 1

2 2 2
0 2 2

2 2

( )

( )

( )

( )

Q
i

L L
E Q

i
E L L L

d QE i
dz L L LE Q

iE L L L
Q

i
L L

j
a

j j
a

j j
a

j j
a

j
a

-

-

æ öD ÷çæ ö - + ÷ç ÷÷ç ç ÷÷ç ç÷ç ç÷ D Dç ç÷ç ç÷ - - +ç ç÷ç ÷ ç÷ç ç÷ç ç D D÷ç ç÷ =ç - -ç÷ç ç÷ç ç÷ç ç÷ç ÷ ç D D÷ç ç - - -÷ç ç÷ç ç÷ç ç÷ç ç÷ Dç ç÷çè ø ç - - -çè ø

 





  

2

1

0

1

2

E

E

E

E

E

-

-

æ ö÷ç ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷÷ ç ÷÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷⋅ ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷÷ ç ÷÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷ç÷ ÷çè ø÷÷





Let us introduce new parameters

Note that in this approximation, only neighbouring orders are mutually coupled.
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The set of differential equations can be solved analytically in the two limit cases:

The observation that only neighbouring terms are mutually coupled is a consequence
of a purely sinusoidal refractive index modulation. 

1 1    . :Q  Raman ‐ Nath regime.

0 0 1 2In this case, the analytic solution gives    ( ) ( ), , , ,q qE L E J qj= D =   
This effect has a very simple physical interpretation as a phase modulation of the incident
wave by a column of acoustic wave (phase grating):

( ) ( ) ( )
0 0

sin ( )( , , ) ( ) .ix i ix ii k x t i Kx t i k qK x i q t
q

q

E x L t E e e E J ew j wj
é ù- D -W + - + Wë û= = Då

A more accurate solution for ( )2
0 2

0 1    is 
sin

, ( ) .
Q

q q Q
Q q E L E J

a

a
a j

é ù
< = Dê ú

ê úë û
 

1 1if   or  .Q Q 

Raman‐Nath and Bragg diffraction regimes

1. Q 1 – Raman–Nath regime
2. Q 1 – Bragg regime.

( )1 1 0 1 2
2

 
( )

( ) ( ) , , , ,q
q q

E z
E z E z q

z L
j

+ -

¶ D
= - =  

¶


0 0 00 0The initial condition is   (only   is nonzero at the input  ).( )q qE E E zd= =

In this case, the diagonal terms can be neglected:
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x

z

0 0, ,d Ek

xK

1 0 1, , ( )d E J jDk

xK

xK

xK

2 0 2, , ( )d E J jDk

1 0 1, , ( )d E J j- - Dk

2 0 2, , ( )d E J j- Dk

1q

Raman‐Nath regime:

1q-

The diffraction is strongly analogous to the diffraction
by a thin phase (holographic) sinusoidal grating.

0 2 4 6 8 10
0,0

0,2

0,4

0,6

0,8

1,0

0.3386

J5
2(z)J4

2(z)J3
2(z)

J2
2(z)

J1
2(z)

J0
2(z)

J q
2 (z

)

z

Diffraction goes into many diffraction orders;
the diffraction efficiency of individual orders is given
by squares of Bessel functions               .2( )qJ jD
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Bragg regime
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Diffraction efficiency
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Diffraction efficiency in the Bragg regime
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Diffraction efficiency in the Bragg regime

02 47However, to reach the efficiency of 100% requires  . .aP = P

Typical diffraction efficiency of acousto‐optic devices is therefore usually only in the range 
of 80‐90%, higher efficiency is quite rare.
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Technical applications of acousto‐optic devices
Classification according to purpose:
1. Deflectors of laser beam; the diffraction angle is the function of 

acoustic frequency
2. Intensity modulators of laser beam: diffraction efficiency is 

~proportional to the acoustic power
3. Acousto‐optic tunable filters: the phase synchronism is 

wavelength‐dependent
4. Acousto‐optic devices for processing of electronic signals
Classification according to interaction type
1. Devices utilizing isotropic diffraction (in an optically isotropic medium)

a) with a uniphase acoustic transducer
b) with a phased‐array of acoustic transducers (flat, stepwise)

2. Devices utilizing anisotropic diffraction (in an optically anisotropic
and chiral media) 

3. Devices utilizing diffraction on a standing acoustic wave
Classification according to construction
1. Bulk devices
2. Waveguide devices (integrated‐optic)
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Acousto‐optic interaction in the Bragg regime in an isotropic medium
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The Bragg condition (i.e., the angle of incidence) is adjusted for each frequency
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Acousto‐optic deflectors of laser beams:
the angle of diffraction changes with acoustic frequency
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Number of “resolvable points” (angular positions of a deflected beam):

But: the deflector should operate in the Bragg régime, to ensure high diffraction efficiency:
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Acoustic power of a deflector
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AO diffraction by attenuated acoustic wave – approximate analysis
In any AO material, the acoustic wave propagates with attenuation, 2.afa » G
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Technical solutions how to reach large number of resolvable points: 
1. Strongly elliptical optical beam with large D/H  ratio (requires complex optical

with cylindrical lenses or prisms )
2. Application of a material with low acoustic velocity but small attenuation (???)
3. Ensuring generation of acoustic wave in a broad frequency range (requires high

center frequency f0)

Reduction of diffraction efficiency
due to acoustic attentuation

Change of divergence of a diffracted
beam due to acoustic attenuation
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Broadening of the AO bandwidth: deflectors with acoustic beam steering
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Maximum allowabe total transducer length is now

The acoustic power can be reduced up to 4 times with the plane array and
up to 8 times with the staircase array.

Difraction efficiency in the linear approximation (Gordon‐Dixon method)
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Acousto‐optic interaction in anisotropic media
Interaction with a transverse acoustic wave in a (positive) uniaxial medium
in the plane perpendicular to the optic axis – the simple case

= odk kn

ik

dk

K
iq zk

xk

0
dq

= eik kn

sin sin ,

cos cos ,

.

e i o d

e i o d

a

a

K
n n

k
n n

fK
k v

q q

q q
l

+ =

=

=

Condition of phase synchronism

0 2 4 6 8 10
-90

-60

-30

0

30

60

90

fa,0/va

d

i

fa,max/va

fa,min/va

 i
, 

d (
de

g)
fa/va

( ) 2 2
0,min ,max ,, ,a a a

a e o a e o a e o
v v v

f n n f n n f n n
l l l

= - = + = -

ik

dk

Kiq
zk

xk

0

Disadvantage: Frequency fa,0 is too high in all suitable AO materials
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AO deflection in a chiral anisotropic medium

Degenerate AO
interaction of the 2nd order

Advantages: reduction of angular selectivity increase of interaction length power reduction

Diffraction by transverse acoustic wave  lower acoustic speed
 increase of number of resolvable points, diffracted wave differs in polarization
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Frequency dependence of the diffraction efficiency in the “optimum” configuration
of anisotropic AO diffraction

0 1k n

ik

dk

Kiq 0 zk l

0 xk l

0

0 2k n

dq

The shape of the curve can be modified by adjusting the angle of incidence
of the input optical beam

,

,
arctan x ii

z i

l

l
q =

-0,2 -0,1 0,0 0,1 0,2
0,0

0,2

0,4

0,6

0,8

1,0

-2 dB

R
el

at
iv

ní
 d

ifr
ak

čn
í ú

či
nn

os
t 

fa/fa

Re
la
tiv

e 
di
ffr
ac
tio

n 
ef
fic
ie
nc
y 
h/
h m

ax

2
2

1 0 1

2 2

2 2
2 3

1

, ,

, ,

sin ; ,a a
x i d z x i

a a

x i z i

f f
l n k k n l

v v

l l

n n

l l
q

æ ö÷ç+ = D = - -÷ç ÷ç ÷è ø

+ =

0 3k n

(biaxial medium)



ŪFE 49

Acousto‐optic modulation
Acousto‐optic modulation is, in fact, complementary to acousto‐optic deflection

Light intensity modulation of an optical beam takes place only
if the waves diffracted by different frequencies overlap in space
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Acousto‐optic modulators for Q‐switching and mode‐locking of lasers

Q‐switching: diffraction by running acoustic wave (with a moderate efficiency) is required. 

Acoustic absorber

Both Raman‐Nath and Bragg regimes are applicable; suppression of the 0th order is sufficient.

Mode locking: diffraction by standing acoustic wave

acoustic resonator

2 2 2
    ; ; opta

a opt a
a laser

fqv c
f f f

L nl

D
= D = =

aL

( ) ( )

( ) ( )

( , ) sin sin

sin sin 2 cos( )sin .

e e

e e

é ùD =D -W + - -W =ë û
é ù=D -W - +W =- D Wë û

x t Kx t Kx t

Kx t Kx t Kx t

( ) ( ) [ ] ( )2 2
0 0 sin (1 cos2 ) / 2 2 .eé ù é ù= D = W = - W = Wê ú ê úë ûë û

I I f t f t g t

Intensity of the transmitted
wave is modulated by a 
doubled acoustic frequency



ŪFE 51

Acousto‐optic tunable filters
Basic configuration: collinear AO interaction
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Advantages of the collinear interaction
• narrow optical bandwidth
• relatively large optical aperture

Disadvantages:
• high average acoustic frequency
• complicated design
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Acousto‐optic filters with non‐collinear interaction
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Properties of AO filters
with non-collinear
interaction

Advantages:
• relatively large angular aperture
• directions of propagation of incident and diffracted beams are identical
so that the interaction is efficient

• “filtered” (diffracted) beam has different polarization
• high flexibility of design by configuration change
Disadvantages:
• lower spectral selectivity, 
•bandwidth inreases with the square of the optical wavelength 
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Acoustic frequency of the filter
is close to the minimum frequency
for the non‐collinear AO
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Selected AO materials

Material
optical

window
(µm)

n
(no, ne)

M2×1015

(km/s)
Za

(kg/m2s)
Type of
acoustic 

wave
Fused
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0,2
4,5

1,457 1,56 ||
0,47 

5,96
3,76

13,12 L

SF59
glass

0,46
2,5

1,95 19,1 3.26 20,5 L

LiNbO3 0,5
4,5

2,202
2,286

7 6,57 30,6 L

PbMoO4 0,4
5,5

2,262
2,386

36,3||
36,1 

3,63 25,22 L

TeO2
para-

tellurite

0,35
5

2,26
2,412

opt. akt.

34.5 
25,6||
1200

4.2

0.616

25,2

3,7

L

S

Hg2Cl2
calomel

0,4
30

1,97
2,65

506
640

1,62
0.34

11,6
2,4

L
S

GaP 0,6
10

3,31 44,6 6,32 26,1 L

av
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Acousto-optic tuneable filters for confocal microscopy (OLYMPUS)

Non-collinear filter based on TeO2



ŪFE 56

Collinear filter based on the SiO2 single-crystal

Acousto-optic tuneable filters for confocal microscopy (OLYMPUS)
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AO tuneable filter based on KDP for UV-VIS region

N. Gupta, V. Voloshinov, APPLIED OPTICS, Vol. 43, No. 13, pp. 2752-2759, 2004

Spectral range: 220–650 nm
Spectral passband at 350 nm: 2 nm; at 633 nm: 67 nm
Rf range, 60–164 MHz
Linear aperture: 1.5×1.5 cm2

Angular aperture: 1.2°
Applied power: 2.0 W
Transmission coefficient: 60%

Parameters of KDP Crystal
Parameter
At Wavelength 633 nm 480 nm 350 nm 220 nm 200 nm
Index of Refraction no 1.507 1.515 1.532 1.596 1.622

ne 1.467 1.470 1.487 1.543 1.562
Density  ρ = 2.34 g/cm3

Effective photoelastic coefficient at 12° relative to Z axis in XZ plane, peff = 0.067
Acoustic phase velocity at 6° relative to X axis in XZ plane, v = 1.66×105 cm/s
AO figure of merit M2 = 4.6×1018 s3/g
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Acousto‐optic „notch“filter in an optical fibre

Transverse acoustic wave creates
periodic microbends,
which cause coupling from the core
into cladding modes

(Photonics Technol. Lett., Sept. 2000)

Tuning curveSpectral transfer function
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M. A. Dugan, J. X. Tull, W. S. Warren
JOSA B 14,2348‐2358, 1997

P. Tournois: Optics Communications
140, 245‐249, 1997

AO control of dispersion of ultrashort optical pulses
acousto‐optic programmable dispersive filter (AOPDF)

M. E. Fermann, V. da Silva, D. A. Smith,
Y. Silberberg, A. M. Weiner
Optics Letters 18, 1505‐1507, 1993
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Acousto-optic dispersion control of ultrashort optical pulses
(“Dazzler” fundamentals)
M. E. Fermann, V. da Silva, D. A. Smith, Y. Silberberg, A. M. Weiner: Shaping of ultrashort optical pulses by using
an integrated acousto‐optic tunable filter. Optics Letters 18, 1505‐1507, 1993
M. A. Dugan, J. X. Tull, W. S. Warren: High‐resolution acousto‐optic shaping of unamplified and amplified femtosecond 
laser pulses. JOSA B 14,2348‐2358, 1997
P. Tournois: Acousto‐optic programmable dispersive filter for adaptive compensation of group delay time dispersion in
laser systems. Optics Communications 140, 245‐249, 1997
F. Verluise, V. Laude, J.‐P. Huignard, P. Tournois: Arbitrary dispersion control of ultrashort optical pulses with acoustic 
waves. JOSA B, 17, 138‐145, 2000.
F. Verluise, V. Laude, Z. Cheng, Ch. Spielmann, P. Tournois: Amplitude and phase control of ultrashort pulses by use of an 
acousto‐optic programmable dispersive filter: pulse compression and shaping. Optics Letters 25, 8, 575‐577, 2000.
V. Ya. Molchanov, S. I. Chizhikov, O. Yu. Makarov: Interaction between femtosecond radiation and sound in a light 
dispersive delay lines using effect of strong elastic anisotropy. J. Phys.: Conf. Ser. 278, 012016, 2011.

Optical scheme of light 
dispersive delay line: 
1. incoming beam; 
2. diffracted beam; 
3. non‐diffracted beam; 
4. TeO2 crystal; 
5. input optical facet; 
6. output facet; 
7. transducer; 
8. acoustic absorber.
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Mostly used physical principle: (quasi)collinead acousto‐optic interaction

Approximation used for an elementary description:
1. sufficiently strong acoustic wave
2. “non‐depleted” incident beam approximation
3. (“negligibly” small acoustic velocity)  

Optical radiation:

0 0

   0( , ) ( , ) ( , ) , .i t i t
i i d d i dz t a z e d a z e dw ww w w w
¥ ¥

- -= + ⋅ =ò òE e e e e

ai complex amplitude of incident wave, 
ad complex amplitude of diffracted wave, (polarized orthogonallly)

Acoustic wave (excited by an electric signal of a general form) 
modulates the permittivity tensor

( )( ) aiK z zz eD » D 

Optical transit time through a device is much shorter than the period
of an acoustic wave, so that we can neglect the acoustic wave motion.
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Coupled equations for complex amplitudes of optical waves:

( ) ( )( , )
( ) , ( , ) ,i
i i d

da z
ik a z i z a z

dz

w
w w k w w» +

( ) ( )( , )
( ) , ( , ) , .d
d d i

da z
ik a z i z a z

dz

w
w w k w w» +

( ) 0

4

4

( )

( )

, ( ) a

a

iK z z
i d

iK z z
id

k
z z e

e
c

k w e

w
e

» ⋅ D ⋅ =

= D

e e

Neglecting the backward effect of the diffracted wave on the incident wave, we get

0( , ) ( , )exp ( ) ;i i ia z a ik zw w wé ù» ë û
Let us write the diffracted wave in the following form:

0( ) ( )

( , ) ( , )exp[ ( ) ];

( , ) ( , )
( ) ( , ) ( ) ( , ) ( , ) ( , )d i

d d d

ik z ik zd d
d d d d i

a z A z ik z

da z dA z
ik a z e ik a z i z a e

dz dz
w w

w w w
w w

w w w w k w w

=

= + » + 

Then 0( ) ( )( , )
( , ) ( , )i di k k zd

i
dA z

i z e a
dz

w ww
k w w

é ù-ë û» or

( )

( ) ( )

0

0

0    

0

( ) ( ) ( ), ( , ) ( , ); ( , ) ( , )

, ( , )exp ( ) ( )( ) ( , ),

i d d

L
i k k z ik L

d i d d

L

d i d i

A L i z e dza a L A L e

a L i z i k z k L z dz a

w w ww k w w w w

w k w w w w

é ù-ë û» =

é ù» + -ë û

ò

ò
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The spectrum of a diffracted signal at the output of the acousto‐optic 
element can be approximated by a product of the spectrum of an input signal
with a transfer function:

( )
0

0( , ) ( ) ( , ),

( ) ( , )exp ( ) ( )( ) .

d i
L

i d

a L H a

H i z i k z k L z dz

w w w

w k w w w

»

é ù» + -ë ûò

Inserting expression for ( ),zeD

( )
significat contribution only if0

0
4

( ) ( ) ( )

( ) ( ) ( )

( ) exp ( ( ) .i d a

i d a

L
i k k K z z

d id

k k K z

H i ik L z e dz
c

w w

w w

w
w w e

é ù- +ë û

¢- + »

» ) Dò 

incident wave
dispersion

z
( )id z

incident beam

diffracted beam

region of phase synchronism

acoustic wave

diffracted wave
dispersion
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Attention: there is Dazzler and Dazzler…!
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Acousto-optic dispersion control of ultrashort optical pulses (Dazzler)

F. Verluise, V. Laude, J.-P. Huignard, P. Tournois, A. Migus, 
J. Opt. Soc. Am. B, Vol. 17, 138-145, 2000

F. Verluise, V. Laude, Z. Cheng, Ch. Spielmann, P. Tournois, 
Optics Letters Vol. 25, 575-577, 2000 

Kvazikolineární interakce v TeO2

 
( ) ( ) ( )

( ) ( ) c ( )

dif inc a

d i a

E E S nv c

t t t nv

   

 



E E S

obecný lineární filtr;
vhodnou volbou časového průběhu ovládacího napětí
piezoelektrického měniče je možné v širokých mezích
ovládat časový průběh difraktovaného záření
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Excitation of acoustic waves by a piezoelectric transducer (1)

Transducer as an acoustic resonator

x

y

z

Relations in a piezoelectric medium:

( ) 1
, ,

,

S S S

D E S
jklm jklm pr pjk rlmc c e eh

-
= = ⋅

= +

 h eh e h

is a piezoelectric tensor (of the 3rd rank). u

 is diagonal, both   and   are oriented in the  ‐direction.If the tensor  S xE Dh

The time derivative of the above equations can be supplemented with 
the Newton’s force equation; we thus obtain the following set of equations:

1
2

Let us introduce the "acoustic velocity" .   Then  .jk j k

k j

dS du dud
dt dt dx dx

æ ö÷ç ÷= = +ç ÷ç ÷÷çè ø
u

x

d

e

D E S= + ⋅ ⋅c c e e h is a „piezoelectrically stiffened“
tensor of elastic constants,

: ,

: ,

D

S

= - ⋅

= - + ⋅

T c S h D

E h S D



 h
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1
1

1 1
1 11

,

,

,

D l

Sl

a l

T u D
c h

t dx t
E u D

h
t x t
T u

x t

a
aa a

a h

r

¶ ¶ ¶
= -

¶ ¶
¶ ¶ ¶

= - +
¶ ¶ ¶
¶ ¶

=
¶ ¶

1 11  for 1
6 12  for 2
5 13  for 3

( ) ,

( ) ,

( ) .

l

l

l

a

ìï = =ïïï= = =íïï = =ïïî

After some derivations we arrive to the set of equations 

1
1 1 2

1
2 1 2

11 1 1 11 1 1 11 2

,
tan sin

,
sin tan

,

a a

a a

S S S

Z Z h
T u u J

j j i
Z Z h

T u u J
j j j

J j E h u h u

a

a

a a

q q

q q
e e e

= + +
W

= + +
W

= W - -

1

0

0 2 20

   acoustic impedance,
   density of an induction electric current,

 
half‐wave acoustic frequency 

/ / ,

/ /

D
a a

a a

a

Z c v

J j D

d v K d

f v d

aar r

q p
p

= =
= W
= W = = W W
= W =






Excitation of acoustic waves by a piezoelectric transducer (2)

determines the direction
of elastic deviation 
("polarization"
of the acoustic wave)

l

1 2 1 2

0
0 0

In case of harmonic time dependence   of all quantities, the equations can be integrated
from   to   with boundary conditions

     ( ) , ( ) , ( ) , ( ) .

j t

l l

e

x x d

T T T d T u u u d ua a

W

= =
= = = =
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The last equations can be physically represented as an electric circuit –>
Mason’s equivalent electric circuit  of a piezoelectric transducer

1 2

1 2

0 11

1

   acoustic velocity at port 1, 2
   stress component at port 1, 2

    phase shift of acoustic wave

   transducer area,
   electric current / density,

 electric voltag

,

,

,

.

a
S

u u

T T

L v

C A d A

i AJ

u E d

q

e

= W

=
=
=









0 0

1 11

e on the transducer,

 ...transformer conversion ratio

electro‐mechanical coupling coefficient
a

S D

k Z C A

k h ca aa

f p

h

= W

= 

2tanajZ q 2tanajZ q

sin
aZ

j q

0C0C-

1u 2u

1T 2T

i
u

mechanic
„port“

mechanic
„port“

electric „port“

1
f

0 2tanjZ lb 0 2tanjZ lb

0
sin
Z
j lb

1i 2i
1u 2u

Equivalent circuit of a section
of a transmission line

Excitation of acoustic waves by a piezoelectric transducer (3)
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(Frequency) transfer function of a piezoelectric transducer bonded to an acousto‐optic medium
can be analyzed and designed with the help of standard methods of the electric circuit theory

Equivalent electric circuit

trans‐
ducer

acoustic
impedance

matching layers

el. matching
circuit

back
electrode

forward
electrode

,t tZ q 2 2,e eZ q 1 1,Z q 2 2,Z q1 1,e eZ q
Resulting frequency characteristics

of and AO device
2

2 2
( ( ))

( )

( )l

A

O

O

e Aem

F

F F h

W =

⋅ ⋅W WW

electric
matching
circuit

transducer
+matching
layers

acousto-optic
diffraction
efficiency

transducer

electrodes
acoustic impedance
matching layers

Acousto‐optic
medium

Acoustic absorber

Excitation of acoustic waves by a piezoelectric transducer (4)

AO
medium

aZ

acoustic
absorber

,AO AOZ q
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Material r
(g/cm3)

ac.
Mode

orientation k er va (km/s) Za =r . va

a-SiO2
32

2.65 L
S

X
Y

0.098
0.137

4.58
4.58

5.75
3.85

15.2
10.2

LiNbO3
3m

4.64 L
S

36°Y
163°Y

0.49
0.62

38.6
42.9

7.4
4.56

33.9
20.8

LiTaO3
3m

7.45 L
S

47°Y
X

0.29
0.44

42.7
42.6

7.2
4.22

55.2
31.4

ZnO
6mm

5.68 L
S

Z
43°Y

0.282
0.322

8.84
8.63

6.40
3.21

36.4
18.4

In 7.3 L
S

2.3
1.44

16.8
10.5

Au 19 L
S

3.24
1.20

62.5
22.8

Ag 10.5 L
S

3.65
1.61

38.0
16.7

Sn 7.2 L
S

3.32
1.67

23.9
12.0

Selected piezoelectric and acoustic impedance matching materials
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Collinear interaction

TM

 U

Ti:LiNbO3 waveguide

TE

Polarization filted
& acoustic absorber

2
2 2 2

2 2
2

2

1
2 2

sin ( ( ) ),
( )

( , ) ( , ) ( , )

z
z

TM TE

c

k L
k

x y x y e x y dxdy
k L

k
h k

k

p
k e

¥ ¥

-¥-¥

= + D
+ D

⋅ D ⋅ =ò ò e

Efficiency of acousto-optic interaction

TEb K

TMb

zkD

Integrated‐optic acousto‐optic devices
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Polarization-independent acousto-optic tuneable
add-drop demultiplexor on LiNbO3

Principle: collinear AO TE-TM conversion

TE

TM

1TE
2 TM

1TM
2 TE

Average wavelength  c = 1,55 µm,
channel spacing < 1 nm, tuneability   70 nm

21,l l

2l¢

af

af

21,l l ¢

2l

optical waveguide acoustic waveguide
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Frequency shift compensation

(Uni Paderborn, Germany, ECOC 1997)
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Integrated-optical acousto-optic spectrum analyzer of RF signals
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Theoretical fundamentals of electro‐optic effect

U Electric field applied to a material may change 
its optical properties (impermittivity).
If  the magnitude of this change is linearly
dependent on the applied field intensity, it is
called linear (Pockels) electro‐optic effect. 
If the material response is quadratically
dependent on the applied field intensity, it is
called  quadratic (Kerr) electro‐optic effect.
Linear (Pockels) effect can take place only
in materials, the physical properties of which
are sensitive to the inversion of coordinates
(non‐centrosymmetric materials).

extE

1
0

0

1
, , .e e h h e

e
-= ⋅ = ⋅ =D E E D

( ) ( )
linear effect quadratic effect
(Pockels) (Kerr)

:ext ext ext exth h= + ⋅ +E 0 E E E r s

( )
( ) ( )


1

small term of 2  order

;

;

;
nd

h h e e
h h e e
h e h e h e h e

-
+ D = + D

+ D ⋅ + D =
⋅ + ⋅ D + D ⋅ + D ⋅ D =
I

I
I

1

;

;

h e h e

e h h e-

⋅ D = -D ⋅

D = - ⋅ D ⋅

e e h eD = - ⋅ D ⋅

(“transverse” EO effect)
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We can thus apply the shortened Voight notation

( )
( ) ( ) ( ) ( ) ( ) ( )

1 2 3 11 22 33
4 5 6 32 13 31 12 21
     for   and
     for  23

, ,

, , , ( ), ,( ),

, , , , , .

jkl l jklmr r s sa ab

a b
a b

 =
=
= º º º

Since : ,
ext ext ext

hD = ⋅ +E E Er s the physical units of these tensors are 

22m/V (in reality often pm/V)   m V, .r sé ù é ù= =ë û ë û

Theoretical fundamentals of electro‐optic effect
1Since the tensor   is symmetric,   is also symmetric. The tensor   is thus invariant

with respect to the interchange of the  subscripts  ("belonging to"  ):
.

Similarly, the tensor 
jkl kjlr r

-=

=

e h e
h
r

first two 

 is invariant with respect to the interchange of the first two and
the second two subscripts:

.jklm kjlm jkml kjmls s s s= = =

s
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Properties of some important electro‐optic materials (1)

Dielectric crystals of the group ADP 
Grown from water solution; large but hygroscopic
Point symmetry group , uniaxial anisotropic crystals

( )
41

41

63

0 0 0
0 0 0
0 0 0

0 0
0 0
0 0

j
r

r

r

r

a

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷= ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷çè ø

42m

ADP:  41

63

23 11 pm/V, 1 522

  8 5 pm/V, 1 4773

. .

. .
o

e

r n

r n

= =

= =

KDP: 41

63

  8 pm/V, 1 5074

 11 pm/V, 1 4661

.

.
o

e

r n

r n

= =

= =

DKDP: 41

63

26 pm/V, 1 502

24 1 pm/V, 1 462

.

. .
o

e

r n

r n

= =

= =
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Semiconductor crystals of the group AIIIBV  (GaAs, InP)
Point symmetry group          , isotropic materials!43m

( )
41

41

41

0 0 0
0 0 0
0 0 0

0 0
0 0
0 0

j
r

r

r

r

a

æ ö÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷= ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷ç ÷÷ç ÷ç ÷çè ø

GaAs: 

41

1 15 μm

1 43 pm/V, 3 43

.

. .r n

l =

= =

Ferroelectric crystals LiNbO3 and LiTaO3
Point symmetry group       , uniaxial crystals; high LF permittivity3m

LiNbO3: 

3

33

22

1

51

6 8 pm/V, 2 286
 10 pm/V,

V
p

2 20
 30 m/V,
 32 p

2

 m/

. .

.
o
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n
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
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22 13

22 13
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51
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0
0 0
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LiTaO3: 2 176

2 180

.

.
o

e

n

n

=

=

Properties of some important electro‐optic materials (2)

"
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Optical wave propagation in a electrooptic material under external field (1)

( ) ;
ext

re e eD = - ⋅ ⋅ ⋅EChange of optical permittivity due to an applied field Eext :

Fresnel dispersion equation is then ( )2
0

.
ext

re e eé ù- - + ⋅ ⋅ ⋅ ⋅ =ê úë ûl I ll E E 0

Example 1: Amplitude modulator in KDP, Z‐cut
x

y

z

L

U

in
E

2
E

polarization
filter

out
E( )

0 0

0 0 0 0
63

4
12 21 63

; ;

;

.

z ext ext

ext ext

o ext

l E

r r E

n r Ee e

= =

⋅ = +

D = D = -

l z E z

E x y y x

Eigenwave equation is

2 2 4
63

4 2 2
63

2

0 0

0 0

00 0

.

. .

z o o v x

o v z o y

ze

l n n r E E

n r E l n E

En

æ ö æ ö æ ö- ÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ ÷ ÷ç ÷ ç ç- ⋅ =÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷÷ç ÷ ÷ç ç÷ ÷÷ ç çç - ÷ç è ø è øè ø

(“longitudinal” electro‐optic effect)
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Dispersion equation: ( ) ( )2 22 2 4
63

0.
z o o ext
l n n r E- - =

2 4 3 3
1 2 63 63 63

1 1
2 2,

, .
z o o ext o o ext o o ext
l n n r E n n r E n n n n r E=  @  =  D D =

The solution is

“Eigenwave” equation
2 2 4

63
4 2 2

63

0
0
,xz o o ext

yo ext z o

El n n r E

En r E l n

æ ö æ ö æ ö- ÷ ÷ç ÷ç ç÷ ÷ç ÷ç⋅ = ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç ç÷ç- ÷ç è øè øè ø
or

4
63

2 2
1;y o ext

x z o

E n r E

E l n
= - =

-
 Eigenwaves are thus linearly polarized waves, polarized

under angle of 45° with respect to the coordinate axes.

The input wave 0
0in
E=E x can be decomposed into two waves with polarizations

( )0 0 0
1 2

1
2

 as follows:, = e x y ( )0 0 0
0 0 1 2

1
2

.
in

E E= = +E x e e

Its propagation by the distance z can then be described as

( ) ( )
0 0

0 0 0 00 0 0
0 1 2 0 02

cos
ik n z

ik nz ik nz ik n ze
z E e e e E k nzD - D= + = DE e e x( )0

0sin .i k nz+ Dy

Amplitude modulator on the Z‐cut KDP

At the output z = L after the polarizer blocking the x‐component we detect the intensity

( ) ( ) ( )2 2 2 2
0 0 00sin ( ) sin ( ).yI L E L E k nL I k nL= = D = D
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“Half‐wave” voltage:

3
0 0 63

1i.e.
2 2 2

!
, ,

o ext
k nL k n r E L

p p
D = =

3 3
0 63 63

2ex
o o

U E L
k n r n rp

p l
= = =

9 3 kV.Up For KDP at 633 nm,

In case of the “longitudinal”
EO effect, the half‐wave voltage 
is fully determined by the parameters
of the EO material and on the wavelength.

Amplitude modulator on the Z‐cut KDP ‐ continuation

0 90 180 270 360
0,0

0,2

0,4

0,6

0,8

1,0

I(L
)

k0nL

U

0  (deg)k nLD
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Example 2: Phase modulator in LiNbO3
(“transverse” EO effect)

0 0, ,
y ext v
l E= =l y E z

0

4
13

4
13

4
33

0 0
0 0
0 0

( )

.

ext

o ext

o ext

e ext

r z E

n r E

n r E

n r E

e e eD = - ⋅ ⋅ ⋅ =
æ ö- ÷ç ÷ç ÷ç ÷ç= - ÷ç ÷ç ÷ç ÷÷ç -è ø



2 2 4
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2 4
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2 2 4
33

0 0 0
0 0 0

00 0
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y o o ext x

o o ext y

zy e e ext

l n n r E E
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El n n r E
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0yE º

In dependence on the input polarization ( )or x zE E

3 3
13 33

1 1  or   
2 2

, .
o o ext e e ext
n n r E n n r ED - D - 

U

vE


z

x

in
E

L

out
E

yd
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Phase change after passing the length L due to the applied voltage is

3
0 13

0

3
0 33

0

1
32

0 0 13

1
32

0 0 33

1
2
1
2

( ) , ,

( ) , .

o ext
o

e ext
e

i k n r E Lik n L
x o o ext

i k n r E Lik n L
z e e ext

E L E e e k n r LE

E L E e e k n r LE

j

j

-

-

= D = -

= D = -

Contrary to the case of a “longitudual” effect, ,
v
E U d= where d  is the electrode separation.

The “half-wave voltage” is now defined as a voltage needed for the phase change by π:

3
13

3
33

    for 

    for 

,

.

ext in x
o

ext in z
e

d
U E d E E

Ln r
d

U E d E E
Ln r

p
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l

l

= = =

= = =

For LiNbO3 5 3   [kV]  pro 

2 2   [kV]  pro 

. ,

. .

x

z

d
U E

L
d

U E
L

p

p

@

@

Example 2: Phase modulator in LiNbO3 ‐ continuation
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EO modulation speed (modulation bandwidth)
Intrinsic reaction time of an EO effect is very short, of the order of 10–14 ÷10–15 s.
Limitation is due to the charging/discharging time of the electrode capacitance: 

0 2 5 pFel
m

A
C

d

e e
= » ¸

Capacitance of electrodes

0 50 Z = W
Typical characteristic impedance
of the feeding line is 

0Z
0Z transmission

line
0Z

0
j tU e W

m
C

m
U

Circuit transfer function:

( )
0 0

0

1 1 1 1
2 1 2 2 1

2

,
/

/ .

m

m

m

U
H

U j C Z j

C Z

t

t

W = = ⋅ = ⋅
+ W + W

=

( )
( )

2
2

1 1
4 1

.H
t

W =
+ W

⋅
3 dB decrease takes place 
for                 i.e., 1,tW »

0

1 1 3 GHz.max max,
m

f B
C Zt p

W » = = »
0,0 0,5 1,0 1,5 2,0

0,0
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0,4

0,6

0,8

1,0

|H
(

)|2



Exception: complex representation  (electronic signals)j te W
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Extending modulation bandwidth by using travelling‐wave electrodes

0Z
0
j tU e W

0Zchar. impedance  0Z

Optical wave:  ( )
( )

0 0

0mod

exp ,

exp .
opt eff

m m

E E j t k n y

E E j t k n y

wé ù= -ë û
é ù= W -ë ûModulation wave:

It can be shown that the modulation efficiency is 
( )

( )

2

2

2
mod

sin
;

m eff

m eff

n n L
c

n n L
c

h

Wé ù-ê ú
ê ú

Wê ú-ê úë û



4‐dB bandwidth‐length product is now 10 GHz.cm
2 2
max

( )
m eff

c
B L L

n np

W
⋅ » = »

-
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Elektro-optically controlled Mach-Zehnder interferometric modulator

optical
fibers

Z0

travelling‐wave electrodes

integrated‐
optic chip

input of modulation
signal 

(7 V, 50 , 10 Gb/s)

LiNbO3

Probably the most used electro‐optic components

External modulator for optical communication systems with modulation bandwidth  10 Gb/s
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Electro‐optic MZ modulator
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100 GHz LiNbO3 modulator with half‐wave voltage of 5.1 V
(NTT, 1998)
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Polarization‐independent „digital“ optic switch (DOS) in LiNbO3

Symmetric Y‐junction
with electrooptically induced

asymmetry

Switching characteristics

Properties of DOS switch:
+ polarization independence,
step‐like shape of the 
switching characteristics;

‐ high switching voltage (± 60 V) -3 -2 -1 0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

P2
TE

P2
TM

P1
TM

P1
TE

Vý
ko

n 
(re

l.j
.)

Ovládací napětí (rel. j.)

X- řez Y-šíření LiNbO3

optic axis P1

P2

0ND >

0ND <

+ -

 Switching voltage (a.u.)  

Po
w
er
 (a

.u
.) 
 

3X‐cut Y‐propagation in LiNbO
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„Space“ 16×16 switching matrix in Ti:LiNbO3  (2×20×5 mm)

(Lucent, 2000)

„Non-blocking“ architecture, 480 DOS switches. U= ± 45 V,  IL < 15 dB,
  5 ns, PMD < 1 ps, PMD compensation by quartz /4 plate
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Layout of optical waveguides and of electrode structure of the switching matrix
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Linear modulator for cable TV: MZ modulator + directional coupler

Examples of electro‐optic and acousto‐optic devices
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Electro-optic amplitude modulators (Newport)

Overview of commerial acousto‐optic and electro‐optic devices
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Electro-optic phase modulators (Newport)
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Electro-optic modulators
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Isomet Corporation, Springfield, USA – traditional producer of acousto‐optic devices
http://www.isomet.com

AO modulators
for UV and VIS
spectral domains
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AO modulators
for IR domain

Multichannel
AO modulators
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AO deflectors
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AO frequency shifters
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AO Q‐switches
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AO tuneable filters
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AO tuneable filters
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Fundamentals of magneto‐optics



ŪFE 104

Drude model of a magneto‐optic medium

„Free“ electron gas in an electromagnetic field in presence of a static
external magnetic field

em

Newton’s equation of motion for a charge q with an effective massm:

( )extm m qg- - + + ´ =r r E r B 0  

For time‐harmonic elmg. field ( )0 exp i tw= -E E
in a steady state, it holds:

Let us choose the direction of an external DC magnetic field as z‐axis,

k

H
E

extB

( )2
0 0 0 0 .extm im q iw gw w+ + - ´ =r r E r B 0

0 exp( ),i tw= -r r

2
0

2
0

2
0

0
0

0 0

( )

( ) ,

( )

ext x

ext y

z

m i i qB x E

i qB m i y q E

z Em i

w gw w

w w gw

w gw

æ ö æ ö æ ö+ ÷ç ÷ ÷ç ç÷ç ÷ ÷ç ç÷ ÷ ÷ç ç ç÷ ÷ ÷ç - + ⋅ = -ç ç÷ ÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷ç ÷ ç ç÷ ÷÷ ÷ç ç÷+ç è ø è øè ø

0.ext extBB z
The equation then sounds

0 0 0 0 0where   are components of   and   are components of , , , , .x y zx y z E E Er E
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Minor formal modification gives

2

2
0 0 0

2

0
0
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,

c
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i i
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w gw ww

ww w gw
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ext
c

qB

m
w = is a cyclotron frequency.

1
0 0

2
1

0 0 0 0 0

,

,

q
m

q n
qn

m
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= - ⋅

= = - ⋅ = ⋅

r M E

P r M E E

2
1 2 1

0 0
   ,p p

q n n
q
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c w w

e e
- -= - = - =M M ... plasma frequency.

Explicit calculation of an inverse matrix and generalization to materials with a permittivity

Susceptibility of a medium in a magnetic field

lim ( )
w

e w e¥¥
= gives ( ),e c¥= +Ie

where
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( )

( ) ( )
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e

If the collision frequency           , ,c xx zzg w w w e e< » and

the medium can be considered lossless, with Hermitean permittivity,

For the sake of simplicity, we will consider only such media.

3

02 3
0

xy

q n
B

m

e
e

e w
¥ is linearly dependent on the external magnetic field.

Susceptibility of a medium in a magnetic field
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Plane wave propagation in an isotropic magneto optic medium
“Rigorous” analysis based on the Fresnel dispersion equation
for a general anisotropic medium

2 2
0

2 2
0

2 2
0

0
0
0
.

xx y z xy x y x z x

xy x y xx x z y z y
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e e
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The problem is rotationally symmetric with the axis given by the direction
of the magnetic field; it is thus sufficient to analzye propagation
in the xz plane,  0 :yl =
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For real media and magnetic field  1 T,           and, .ext c xx zz xy xxB w w e e e e£ »   
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Wave vector surfaces of an isotropic medium
under external magnetic field

The dispersion equation (the determinant of the matrix) is then

2 2 2 2 2 2 2 2 2 0( )( ) ( ) ( ) ,xx x z xx z xy zz x xx x z x zl l l l l l l le e e e eé ù- - - - - - - - =ê úë û

which for  xx zze e» is reduced to

2 2 2 2 2 2 0( ) ( ) .xx xx x z xy xx xl l le e e e- - - - =

This is a bi‐quadratic equation for zl with solutions

2
2 .xx x

z xx x xy
xx

l
l l

e
e e

e
-

=  - 

The wave vector surfaces are then close
to ellipsoids of rotation (or even spheres).  

xl

zl

xxe

xx xye e

2
xy

xx
xx

e
e

e
-

extB
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Eigenwaves of the isotropic medium under external magnetic field
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


20  ,x z xx xyl l e e= = Propagation in the direction of the magnetic field,

Solution gives 0 0 00    ,z x yE E iE= =   circularly polarized waves.

Chiral medium:
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Magneto‐optic medium:

In both media the polarization is rotated, but the chiral medium is reciprocal
while the magneto‐optic medium is not reciprocal: in the magneto‐optic medium
polarization is rotated in the same direction for both forward and backward 
directions of propagation – Faraday effect. (The only effect suitable for the construction
of simple and efficient optical isolators.)
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Propagation perpendicularly to the direction of magnetic field,

0
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The wave polarized in the direction of magnetic field propagates with  x xxl e=

The wave polarized perpendicularly to the magnetic field propagates with

2 2

      ,xy xy
x xx V V xx

xx xx

l
e e

e e e e
e e

= - = = -  Voigt permittivity

This wave has also a small but nonzero longitudinal component ,xE

  1, .xyx x

y xx y

E E
i

E E

e

e
= - 

The propagation constant of this wave, ly , depends on the square of the magnetic induction,
so that it is the same (up to the sign) for both directions of propagation.

Voigt (Cotton‐Mouton) effect

Eigenwaves of the isotropic medium under external magnetic field
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The principle of the optic isolator

Only non‐reciprocal effects can be used for the construction of true optical isolators!
Paper of a fundamental importance on optical isolators:
D. Jalas, A. Petrov, M. Eich, W. Freude, S. Fan, Z. Yu, R. Baets, M. Popović, A. Melloni, J. D. Joannopoulos,
M. Vanwolleghem, C. R. Doerr, and H. Renner, “What is–and what is not–an optical isolator,”
Nature Photonics 7(8), 579–582 (2013).
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Fiber‐optic polarization‐independent optical isolator

Insertion loss

Isolation ratio
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(1) beam splitting polarizer
(2) reflection prism
(3,6) birefringent crystals
(4) Faraday rotator
(5) half‐wave plate

Fiber‐optic polarization‐independent optical circulator
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Waveguide isolators(?)

Faraday effect cannot be effectively utilized – short path, polarization birefringence.
Possible solution – transverse (Voigt) effect in an asymmetric waveguide (weak isolation)
Idea:  MO splitting of dispersion characteristics of THz surface plasmons
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Optical isolators based on no‐reciprocity due to time‐dependent medium

Co‐directional phase matching between backward propagating acoustic wave and two optical
modes; acoustic frequency is fa = 3 GHz
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Travelling-wave Mach-Zehnder electro-optic modulator as an optical isolator

Square‐wave   modulation at 2.75 GHzUp
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Introduction to the theory

of hyperbolic materials
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Elementary effective medium theory (EMT)

J. C. Maxwell Garnett, "Colours in metal glasses and in metallic films,“
Philosophical Transaction of the Royal Society London 203, 385‐420 (1904),
S. Rytov, J. Exp. Theor. Phys.2, 466 (1956) (in Russian)
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Effective medium is thus uniaxially
anisotropic, with the permittivity tensor 
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For   parallel with interfaces,     due to continuity conditions.
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“Dual” (“nanowire”) effective medium
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

a d

z x

y

Effective uniaxial anisotropic medium

Ideal (loss‐less) metal‐dielectric effective medium:
Example: Ag/SiO2 @ l = 700 nm: 22 0 67 2 12   . , .m die e- + 

f

0.2 1.155 2.24

0.5 ‐3.91 3.41

0.7 ‐9.70 7.02

0.8 ‐13.317 14.23

 

Metal nanowire medium

f

0.2 ‐2.71 2.72

0.5 ‐9.94 4.69

0.7 ‐14.76 9.12

0.8 ‐17.18 17.25

 

Layered medium
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Fresnel dispersion formula for a uniaxial medium

( ) ( )2 2 2 2 2 2 0( , ) .xx x y z xx zz xx x y zz zl l l l l lw e e e e eé ùF = - - - - + - =ê úë ûl

For a loss‐less layered medium 0 0  , .xx zze e e e^= < = >

Thus 2 2 2 ,x y zl l l e+ + = 
2 2 2 22 2

1 1        ,x y x yz z
l l l ll l

e e e e^ ^

+ +
+ = = +

 

or

“Ordinary” evanescent wave –
bulk plasmon (non‐propagating wave) One‐sheet hyperboloid of rotation

For a loss‐less “nanowire” medium 0 0  , .xx zze e e e^» > » <

2 2 2 ,x y zl l l e^+ + =
2 2 2 22 2

1 1        ,x y x yz z
l l l ll l

e e ee^ ^

+ +
+ = = -

 

or

“Ordinary” propagating wave –
polariton mode

Two‐sheet hyperboloid of rotation
(radius is positive for           ). zl 

l i e=  

l e^=
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Hyperbolic wave vector surfaces

Two‐sheet hyperboloid of rotation

1 0 0
0 1 0
0 0 1 1.

eff

æ ö÷ç ÷ç ÷ç ÷= ç ÷ç ÷ç ÷ç ÷- ÷çè ø


1 1 0 0
0 1 1 0
0 0 1

.

.eff

æ ö- ÷ç ÷ç ÷ç ÷= -ç ÷ç ÷ç ÷ç ÷÷çè ø



polariton mode (spherical surface)

One‐sheet hyperboloid of rotation
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2 2
2 2 1    , ;x z
x z xx

zz xx

l l
l l e

e e
+ = + =

Hyperbolic wave vector surfaces – cut by xz plane
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
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Two‐sheet hyperboloid of rotationOne‐sheet hyperboloid of rotation
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Hyperbolic surfaces of complex wave vectors

Re{ },   Re{ }x zl l

Im{ },   Im{ }x zl l
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.
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Two‐sheet hyperboloid of rotationOne‐sheet hyperboloid of rotation
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Complex wave vector surfaces in lossy hyperbolic medium
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Potential application: 
Imaging by a planar lens made of a metallic “nanowire” hyperbolic material
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“ordinary” rays
(polariton mode)

“extraordinary”
rays

... and some others...

power flow
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